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INTRODUCTION 
In this paper we will be concerned with certain refinements of classical 
complex approximation theorems of Runge and Walsh. The results to 
be discussed might be called lacunary versions of the classical theorems, 
that is, we will be concerned with uniform approximation of a holomorphic 
function by lacunary polynomials. Here the word lacunary is used loosely; 
it will mean, quite simply, that not all powers of z will appear in the 
approximating polynomials. 
The result of Walsh referred to above states [12, 131: Let D be the 
region interior to a simple closed curve y in the plane. If f(z) is holomorphic 
on D and continuous on D, there exists a sequence of polynomials which 
converges uniformly to f(z) on D. The simplest form of Runge’s theorem [ 1 l] 
asserts that if D is a simply connected open set in the plane, and if f(z) 
is holomorphic on D, there exists a sequence of polynomials which 
converges uniformly to f(z) on every compact subset of D. 
We are interested in being able to approximate the function f(x) 
uniformly on D (or on the compact subsets of D) by polynomials P(z) 
of the form Z!I,Z%, where 0 =QIO<~I< . . . is a fixed subsequence of the 
nonnegative integers. More specifically, we ask under what conditions 
on the domain D, the function f(z) and the sequence of exponents bn} 
can the approximating polynomials be chosen from such a lacunary 
subclass ? Consideration of this class of polynomials implies a special role 
for the origin ; accordingly, it is assumed throughout the paper that 0 
belongs to D. It is natural then, that all results contain the hypothesis 
that f(z) have an expansion of the form f(z) =r-, a&% near z= 0. No 
other functions could be uniform limits, on a neighborhood of 0, of 
polynomials which contain only powers z%. 
§ 1. SUMMARY OF RESULTS 
We indicate only the results of Walsh type- that is, results dealing 
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with uniform approximation on the closure of a Jordan domain. The 
results of Runge type (Theorems 1, 3 and 5) are similar. 
Let f(x) be holomorphic on a Jordan domain D and continuous on D. 
Assume that 0 ED and that 
f(z) =nio an.@, 
near x = 0, where 0 GPO <pi <P,Z . . . is a subsequence of the nonnegative 
integers. Under each of the following conditions we are able to assert 
that f(z) can be uniformly approximated on B by polynomials of the 
form ~b#‘k. 
THEOREM 2. If D is strongly starlike relative to z= 0, that is, each 
ray from the origin intersects bD exactly once (pn arbitrary). 
THEOREM 4. If y = dD is of class Cl (that is, y has continuously turning 
tangent line) and on> has density 0 (n/pn --I+ 0). 
THEOREM 6. If y = i3D is of class Cl and {pm} has density 1 (n/pn + 1)’ 
In addition, examples are given which show that for each 6 E (0, 1) 
there is a sequence bn} having density 6, a Jordan domain D containing 
the origin which is arbitrarily close to strongly starlike, and a function f(z) 
holomorphic on D, continuous on D and having an expansion (1) near 
z= 0, such that f(z) can not be approximated uniformly on B by 
polynomials of the form Z&z% 
The main tools in our arguments are the Mittag-Leffler summability 
method (Theorem A), the Fabry-Polya gap theorem (Theorem B), and 
a local version of the F. and M. Riesz Theorem (Theorem C). 
0 2. MITTAO-LEFFLER SUMMABILITY AND THE FABRY-P6LYA THEOREM 
Certain known results which will be used in our proofs are stated here 
along with some relevant definitions. A domain D (or more general region) 
in the plane is said to be starlike relative to the origin if whenever 
z E D, the closed segment from 0 to z also lies in D. For brevity, such 
domains will sometimes be called starlike. With any function f(z), 
holomorphic in a neighborhood of the origin, there is associated an open 
starlike subset of the plane called the Mittag-Leffler star of f(z). To 
construct this set, rays from the origin are drawn through each singular 
point of f(z), and the closed part of each ray from the singular point 
out to infinity is deleted. For example, the Mittag-Leffler star for l/( l-9) 
is the set C\([l, + 00) u ( - 00, - 111. 
A series r’, an of complex numbers is said to be Mittag-Leffler 
summable to the value A if 
5 an 
T(l +nd) 
is convergent for every 6> 0, 
n-0 
and 
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lim 2 an 
d-to+ r&=0 W+n@ 
=A. 
We will use the following result in section 3. 
THEOREM A. ([8]; cf. [4], ch. VIII). Let f(z) be holomorphic in a 
neighborhood of the origin and have the expansion 
f(z) = nt anzn 
near z= 0. Then 
lim z anZn 
a-to+ n=o w+n4 
=fk% 
uniformly on every compact subset of the Mittag-Leffler star for f(z). 
This method provides a way to sum the series Zanxn to f(z) throughout 
the largest starlike domain on which f(z) is holomorphic. Such a set may 
well be considerably larger than the disc where the expansion (2) is valid. 
For an increasing sequence 0 GPO <PI < . . . of nonnegative integers, and 
any number t > 0, let N(t) be the number of integers n for which pn < t. 
We say that the sequence {pn} has density e if limt, o. N(t)/t=e. This 
limit need not exist in general, but if it does, its value is the same as 
that of lim n+ o3 n/pn (it is assumed here that the sequence {pm} is infinite). 
If 6{pn} denotes the value of either limit, it is clear that 0<6(pn}( 1, 
and that d{pn)= 0 if and only if p& -+ 00. Denoting by 40 ~91 <QZ < . . . 
the sequence of nonnegative integers complementary to tin), 6{pn} will 
exist if and only if 8{qn} exists, and d{pn) + 6{qn} = 1. Thus S{pn> = 1 if 
and only if q& -+ 00 (assuming {qm} is infinite). 
The following theorem is essentially due to Fabry ([2], [3], cf. [l]), 
and is contained in a generalization due to Polya ([9], p. 626). In this 
and all other results, {pn} will be a sequence of integers satisfying 
o<po<p1<pz< a**. 
THEOREM B. Let f(z) be holomorphic at z= 0 with 
f(z) = 5 anzpn, 1~1 <R, 
n-0 
where R is the radius of convergence of the series. 
(i) If n/p% --f 0, every point of the circle {]z] = R} is a singular point 
of f(z). 
(ii) If n/p,, + 8, 0~6 c 1, every closed arc of {Ix] = R> of length 2nR6 
contains a singular point of f(z). 
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§ 3. STARLIKE DOMAINS 
The proof of Walsh’s theorem is particularly simple for the case of a 
domain D which is strongly starlike relative to z=O (cf. [13], p. 36). 
The standard proofs do not seem to extend to the lacunary case, but 
one can use Mittag-Leffler summability to obtain the desired results. We 
first consider the simpler Runge-type question. 
THEOREM 1. Let D be an open set, starlike relative to z = 0, and let 
f(z) be holomorphic on D with 
near z = 0. Then there exists a sequence of polynomials Pm(x), containing 
only powers z*k, such that 
lim P&) =f(z), 
7l-CO 
uniformly on every compact subset of D. 
PROOF. Let Ki C Ks C . . . CD be a sequence of compact subsets of 
D such that (Jr==, K, = D. We require also that for any compact K C D, 
there exists an integer no= no(K) such that K C K, for all n>no. It 
suffices to exhibit for each n a polynomial P,,(z) containing only powers 
2% for which II~-P,JK,< l/n. The norm used throughout is the supremum 
norm over the indicated set. 
Since D is a subset of the Mittag-Leffler star for f(z), Theorem A assures 
for each n the existence of a number 6,> 0 such that 
II k20 l i w + &r)k) akz”k-f(z)ll&< kn. 
Thus for any N, 
where e= max,cgn 121. Since (3) has a nonzero radius of convergence, the 
series 
57 
UkZ”k 
k-0 q 1 + &Pk) 
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converges for all z, and hence absolutely for Z= Q. We thus can choose 
N sufficiently large so that 
The corresponding lacunary version of Walsh’s theorem requires that 
the Jordan domain D be strongly starlike relative to z = 0, that is, that 
each ray from the origin intersects i3D exactly once. This property 
guarantees that for every number Q > 1, the domain ~0 = {QX]Z E D} contains 
the set D. 
THEOREM 2. Let D be a Jordan domain, strongly starlike relative to 
z= 0, and let f(z) be holomorphic on D, continuous on D, with 
f(z) = n$ anZp~ 
near z=O. Then there exists a sequence of polynomials P&) containing 
only powers 2% such that 
lim P%(z) = f(z), 
VZ-+CO 
uniformly on B. 
PROOF. Let E> 0 be given. Since f(z) is continuous on the compact 
set B, we can choose 6> 0 so that If(z) -/@‘)I c&/2 whenever z, z’ ED 
and Iz - z’l < 6. We next determine a number 0, 0~0 < 1, so close to 1 
that Iz- 0zl<6 for all x E B. Since D is starlike, 0z belongs to D whenever 
z ED. We thus have Ilf(z) -g+lIE<E/2, where g.&)=f@z). 
The function g&) is holomorphic on the starlike domain (l/0)0 which 
contains D as a compact subset. Since go(z) has the lacunary expansion 
g&z) = 5 a,i%a 
T&=0 
near Z- 0, Theorem 1 guarantees the existence of a polynomial P(z) of 
the desired type for which lip(z) -ge(z)ll~<c/2, and hence [[P(z) -f(z)ll~<~. 
It should be emphasized that no condition on the sequence {pn> is 
required in Theorems 1 and 2. 
§ 4. NON-STARLIKE DOMAINS : COUNTEREXAMPLES 
When the domain D fails to be starlike, lacunary versions of the Runge 
and Walsh theorems cannot be true without strong restrictions on the 
sequence of exponents (pn}. For very regular sequences {Pi}, the value B of 
the density plays a crucial role. Counterexamples are given here for the 
Walsh question. Minor modifications would provide examples demon- 
strating the impossibility of Runge-type approximation in the case of 
general D and @%}. 
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&kst example: 6 = l/k. Let f(z) = l/(1 - zk), where k is an arbitrary 
positive integer. For IzI < 1 we have 
(4) f(z)= i Zkn : 
n-0 
the exponents P,,= kn have density I/k. Let B be the Jordan domain 
indicated in figure 1A. 
Fig. IA. 
Fig. IB. 
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Although f(z) is holomorphic on D, continuous on D, and has the 
expansion (4) around z = 0, it is not possible to approximate f(x) uniformly 
on D by polynomials P”(x) which contain only powers zkn. Indeed, if 
there were such polynomials we would have IIP, --/[IT -+ 0, where r is 
the arc (z= 24t10gt~ 2n/k}. But P”(z) -f(z) is a function of zk and hence 
its values for z E rare reproduced on each of the arcs es*flkr, j = 1,2, . . . , k - 1. 
Thus uniform convergence of P, to f on I’ would imply that the P, 
converge uniformly on { 1x1= 2}, and hence for 121 G 2: as a consequence 
f(z) would have a holomorphic extension to the disc {lzl< 2) ! Observe 
that the boundary of D could be modified so that it is of class C” and 
arbitrarily close to starlike. 
The general case of rational density between 0 and 1. A similar counter- 
example can be constructed for any rational density 6 = h/k, 0 <h/k < 1. 
We begin by carrying out the work for density 213. 
Second example : 6 = 213. Let w=es*la and 
x(x-co) 
f(x) = 23_1 9 
so that f(z) has the lacunary expansion 
f(z)=wz-22+024-2X5+... 
around z = 0. The function f(z) is holomorphic on the domain D indicated 
in fig. 1B and continuous on D. If there were a sequence of polynomials 
P”(z), containing only powers occurring in the series for f(z), for which 
j/P, - f/i5 -+ 0, then in particular jjP,- fllYluYZ --f 0. We will show below 
that uniform convergence of {Pv> on yi U ys implies uniform convergence 
on the circle {lzl = 2}. But this would imply that f(z) has a holomorphic 
extension to {lzl < 2}, contradicting the existence of poles at ~2 and cG= 1. 
To complete the argument, suppose there were polynomials of the form 
P”(X) = xq@) + z%(9), 
where 4; and r, are polynomials, with IIP,-- fll5 -+ 0. It is easy to see 
that the sequences q”(9) and ry(z3) must converge uniformly on yl, and 
hence also on {IzI = 2). Indeed, if .z E yl so that ux E ys, then by assumption 
both 
P”(Z) = zqv(z3) + A@) 
and 
P”(cm) = mq”(Z3) + aWr,(23) 
converge uniformly on 71. Combination shows the uniform convergence 
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of &?) and r&s) on yr, and the periodicity of the latter guarantees 
their uniform convergence on (121 = 2). 
For general rational density h/k E (0, 1) we use the function 
f(z) = 
z(z-cu) . . . (z-d-l) 
S-1 , 
where now w = e2nflk, D is constructed very much as before: it is 
approximately a circular sector of radius 2 and angular opening 2nh/k 
at the origin, it contains the points w, . .., ~9-1 but no other kth roots of 
unity, and its boundary contains the arc r: {z= 2eit10 G tg Snh/k}. The 
density 6 of the exponents bm} associated with the nonzero terms in 
the expansion of f(z) around z= 0 is equal to h/k. Indeed, by inspection 
6~ h/k. By the Fabry-Polya theorem, every arc of (1.~1 = l} of length> 2~6 
must contain a singular point of f(z). But f(z) is regular on the arc 
{z=e”tIO<t<2nh/k), hence d>h/k. 
As in the case where 6 = 213, one can show that a sequence of polynomials 
P,(z) (containing only powers of z occurring in the expansion of f(z)) 
which converges uniformly on r, also converges uniformly on (1~1 = 2}. 
However, since the latter is not possible if P”(z) + f(z) on D, f(z) cannot 
be the uniform limit on B of such a sequence P”(z). The proof makes 
use of the nonvanishing of the Vandermonde determinant associated with 
z:=co, z2=d, . . . . zh=d’. 
The case of irrational density. We finally indicate how one can obtain 
a similar counterexample for the case of irrational density 6. By the 
theory of approximation with continued fractions, 6 has infinitely many 
representations 
d=h/k+& with O<E< i/k2 
(cf. [5], p. 140; we will only use the fact that O<E< 1/2k). For such a 
representation, we consider a function of the form 
f(z) =f1(4 +f&), 
where fl(x) is the function used in the case of density h/k above. For 
f2(z) we take a power series with regular exponents ,un whose density is E. 
We take the pun different from the exponents in fl(z) ; multiples of k 
will do, for example, 
so that 
,~+-p~> f -k> -&, n=l, 2, . . . . 
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The coefficients in /z(z) are chosen so that the power series has radius 
of convergence > 2. For D we take a domain obtained from that for 
the case of density k/k by adding the intersection of {lz] < 2> with a small 
disc about the point 2 exp (2&h/k). The radius must be such thst the 
boundary BD contains the arc 
F: 2=2e{tlOgt<2n(d+rj)=2n 
( 
(; +c+q)] . 
Here q> 0 is to be chosen such that f(z) cannot be s, uniform limit 
of polynomisls P+(z) on D, where the P,(z) contain only powers occurring 
in f(z). (In our case, any 7 > E will do). 
For the verification we will need the following theorem of A. E. Ingham [7] 
(cf. Hs,yman [S]). F or every Q > 1 there exists a constant B(e) so that 
for all exponential sums 
g(t) = 2Tc,e4-Q 
with ,u,, real and min (pn+l -& > A > 0, 
We will give the details for the case h/k= 213. 
Third example : 6=2/3-j-&, 0<~<1/6. Let 
fc4 = 
%(Z - 0) --g-J+ 2 y> 
1 0 
co=e2ni’3, ,un=3 t , III 
P&Z) = qv(z3) + z2r,(z3) + W3)t 
where 9;, r,, sr are polynomials, c(S)= Zb,.n~h. We suppose that P, + f 
uniformly on D, and in particular on the arc r: {z = 2ettlO < t < 2n( 2/3 + E + q)}. 
Then the polynomials 
P”(Z) + P,(wz) + P”(O%) = 3&(23) 
will converge uniformly for x= 2e gt, Og t< 2n(.5+1;1). With q > E, we may 
apply Ingham’s result to g(t) = s,(2sestt) -~(2sestt), taking A = l/2&, 
e=A(e+?;I). Th e conclusion is that the polynomials s&s) are Ls convergent 
on the circle {lzj = 2}, h ence the polynomials qV(zs) +z%,(zs) will be L2 
convergent on r. The method of example 2 now shows that the latter 
are Ls convergent on { /xl= 2}, h ence the P, are Ls convergent on that 
circle, and therefore (by the Cauchy representation) uniformly convergent 
for IzI < 3/2 - contradicting the form of f(z). 
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The above examples show that for every number 6 between 0 and 1, 
there is a sequence of integers bn} of density 6, a domain D containing 
the origin which is very close to starlike, and a function f(z) continuous 
on D and holomorphic on D which has the local representation Za,z%, 
but which is not uniformly approximable on D by polynomials involving 
only powers 2%. 
§ 5. EXPONENTS OF DENSITY ZERO 
The examples of the previous section leave open the possibility that 
for exponents of density zero or one, we can approximate f(z) by lacunary 
polynomials on non-starlike domains. Using the Fabry gap theorem we 
will prove in this section that such is the case when 6= 0. Similar results 
for 6= 1 are more difficult to obtain and are contained in sections 6-8. 
THEOREM 3. Let D be an open connected set in the complex plane 
with 0 ED. Let f(z) be holomorphic on D with 
near x= 0, where bn> has density 0. Then there exists a sequence of 
polynomials {Pk(z)}, containing only powers z%, such that limk+&‘k(z) = f(z), 
uniformly on every compact subset of D. 
PROOF. Let A, ={lzI <Q> be the smallest open disc centered at 0 
which contains D (e may be infinite). Since D is connected, every circle 
T,.= {Ix] =r}, r<e, contains a point of holomorphy of f(z). By the Fabry 
gap theorem, the radius of convergence R of (5) must be ze. But then 
(5) converges uniformly on every compact subset of D, so that for P&Z) 
we may use the partial sums of the series. 
In order to prove a lacunary Walsh result for exponents of density 0, 
it is convenient to assume that the boundary of D satisfies a weak 
smoothness condition. Specifically, let D be the Jordan domain interior 
to a simple closed curve y, and let de=([zI -=cQ} be the smallest open disc 
centered at the origin which contains D. By an extreme point of y we 
mean any point 5 E y n bd,. For the next result we require that y be 
smooth in a neighborhood of each of its extreme points. 
THEOREM 4. Let D be a Jordan domain with OE D. Let f(x) be 
holomorphic on D, continuous on is, with 
near z= 0. Suppose that y= bD is of class Cl in a neighborhood of each 
of its extreme points (or at least, that D coincides locally with a starlike 
domain there), and that @,n} h as d ensity zero. Then there exists a sequence 
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of polynomials {P&)), containing only powers z%, for which limk+, Pk(z) 
=f(z), uniformly on is. 
PROOF. Let K be the smallest compact, starlike set which satisfies 
D C K C &. An essential property of K following directly from the 
assumption on y is: 
(6) 
For each extreme point 5 my, there exists a neighborhood 
N8([)={Iz-[l <S} for which Na(5) n D=Ns([) n K. 
Thus no points of K\i5 occur near an extreme point of y. 
The Fabry gap theorem guarantees that the series for f(z) must converge 
for IzI <Q, so that f has a holomorphic extension to A,. Using (6), we 
can show that (the extended) f( z is continuous on K. Indeed, any point ) 
of K which is not an extreme point of y lies in A, and hence is a point 
of continuity of f(z). F or a point 5 E K which is an extreme point of y, 
f(x) is assumed continuous at 5 relative to B, and hence by (6) is also 
continuous at 5‘ relative to K. The desired result now follows from the 
proof of Theorem 2, with K in the role of D; the function f(f3z) will be 
holomorphic for 1x1 <e/6. 
§ 6. RUNQE-TYPE RESULT FOR DENSITY ONE 
There is one particularly simple case of an exponent sequence {pn} of 
density one where our results are easy to obtain. This occurs when the 
set (cm> of nonnegative integers complementary to (pn} is finite in number. 
In this case the approximation theorems of both Runge and Walsh type 
are true without any special geometric restriction on D or smoothness 
condition on bD. Indeed, uniform convergence of polynomials to a function 
f(x) of the form (I), on a neighborhood of 0, implies that the coefficients 
of the powers zq n in the polynomials tend to zero. We will thus assume 
that (pa} contains infinitely many integers which we list in order 
ogqo<q1< . . . . Since fQnn) = 1 is assumed, 6{qn}= 0, or an/n + 00. Using 
duality, it will be possible to bring the Fabry gap theorem into play 
once again. 
THEOREM 5. Let D be an open, connected, simply connected set in 
the plane with 0 ED. Let f(z) be holomorphic on D, with 
near .z= 0, where bfi} has density one. Then there exists a sequence of poly- 
nomials {Pk(z)}, containing only powers xl, such that limk,, P&Z) = f(z), 
uniformly on every compact subset of D. 
PROOF. As in Theorem 1, it will suffice to take an arbitrary compact 
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set K CD and show that f(z) can be approximated as closely as desired 
on K by a polynomial P(z) having only powers 2%. 
Let y be a rectifiable Jordan curve in D such that (0) u K CD,,, where 
Dv is the interior Jordan domain bounded by y. Similarly, let r be another 
Jordan curve in D for which B, C Dr C D. The maximum principle 
guarantees that IIf - P~[K < /f-P@ = Ilf - Pllr holds for any polynomial P. 
Thus it is sufficient to show that f(z) can be approximated on y by a 
polynomial P(z) of the desired type. 
In order to prove that f( ) z can be uniformly approximated on y, let 
,D be any complex Bore1 measure on y for which lY .&&U(X) = 0, 12 = 0, 1,2, . . . . 
We need only prove that sY f(z)@(z) = 0 follows. The equivalence of such 
a condition is an immediate consequence of the Hahn-Banach and Riesz 
representation theorems. For ZE y we have 
1 
f(‘)= 2ni ,S 5-z f(t),; ’ 
and hence 
The “Cauchy transform” 
of the measure ,u is holomorphic on the exterior domain bounded by y. 
Moreover, for jr] sufficiently large, uniform convergence of z0 (z/T)k on 
y implies that 
By the assumed orthogonality of the powers .z% to p we have 
(7) 
for all sufficiently large ICI. 
The function se(T) has a removable singularity at 00. Applying the 
Fabry gap theorem to h(c) = ge( l/Q we see that the series (7) must converge 
throughout the region (1.~1 >Q}, where e=d(O, y), Indeed, the circle {lzl =Q} 
could be the natural boundary for se([), but no circle {IzI =Q’}, Q’ >Q, 
could be the natural boundary since such a circle contains a point of 
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holomorphy for Se(c). It follows that the series (7) converges uniformly 
on r so that 
However, for each n we have 
since the series for f(C) converges uniformly on {ICI =Q). Since @#qn for 
all k and n, each integral in the last series is zero. Thus from (8), 
Jy f(z)dp(x) =0 also. 
0 7. PRELIMINARIES FOR A WALSH RESULT, DENSITY ONE 
In this section we prove a special case of Theorem 6 stated below. 
The proof begun here is further refined in $ 8 where Theorem 6 is proven 
in complete generality with the aid of the local F. and M. Riesz theorem. 
THEOREM 6. Let D be a Jordan domain with 0 ED and let y =oD 
be of class Cl. Let f(z) be holomorphic on D, continuous on D, with 
near z=O. Assume finally that 0%) has density one. Then there exists 
a sequence of polynomials {P&Q}, containing only powers z%, for which 
limk+,P&) = f(z), uniformly on B. 
The beginning of a proof. By the maximum principle it suffices to 
show that f(z) can be uniformly approximated on y by such polynomials. 
As in the proof of Theorem 5, this will be the case if and only if for every 
complex Bore1 measure ,u on y which satisfies 
(9) jz%oTp(z)=O, n=O, 1, 2, . . . 
Y 
we also have 
(10) ,s f (W&) = 0. 
It has been shown in Theorem 2 that when D is strongly starlike 
relative to x= 0, the desired result is true without any restriction on 
the Pn. We will now use the Fabry gap theorem and a geometric construction 
to reduce the case of a general Jordan domain D to that for strongly 
starlike domains. 
We may assume without loss of generality that {lzl< l} is the largest 
open disc centered at the origin which is contained in D. Any point 
t E y =bD for which [[I= 1 will be called an inner extreme point of y. 
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We wish to construct a simple closed curve y* CB whose interior domain 
B* contains the origin and is strongly “starlike” relative to 0. Moreover, 
y* is to lie outside the disc (1x1 cl}. Such a curve y* can be constructed 
from a finite number of “starlike” subarcs of y (subarcs which no ray 
from the origin intersects more than once), each containing at least one 
inner extreme point, and a finite number of arcs r, of a circle (121 =Q> 
with Q > 1. To see this, consider the subarcs yl of y which have both 
terminal points on {lzI= l}, but otherwise lie in {[xl> I}. Only finitely 
many of these arcs yi can be non-starlike (at a limit point of initial points 
of non-starlike arcs yl, on (1.~1 = l}, the smoothness of y would be violated). 
In forming y* out of y, we retain the subarcs complementary to the 
non-starlike arcs yi, as well as small starlike subarcs of the latter adjacent 
to their terminal points. For the rest, each non-starlike arc yi is replaced 
by an arc P, of the circle (1~1 = e}, with e sufficiently close to 1. Fig. 2 
contains an illustration of the desired construction. 
Fig. 2. 
In the discussion to follow we will refer to the domains interior and 
exterior to y as D and E respectively, while D* and E* will represent 
the domains interior and exterior to y*. Our proof will again make use 
of the Cauchy transform 
of the measure p for which (9) is assumed to hold. 
13 Indagationes 
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If ,u has the special form d&z) =pl(z)dz, where y(z) satisfies a Hiilder- 
Lipschitz condition, 
(12) I~(z)-~(z’)lgKl~-x’l” (O<a<l) 
for all z, z’ E y, a relatively simple derivation of (10) can be given. It 
is known ([lo], oh. 3) that for smooth curves y condition (12) implies 
that both g&) and g&) have continuous extensions to the closures of 
their respective domains, and that the Plemelj formula 
($44 = B(z) -Se(z) 
holds for all z E y. Thus with f(x) and g{(z) holomorphic on D and continuous 
on B, we have 
I ft+?+)~z= - ,S f(~k%(~V~, 
so that (10) follows once we show f(x) is orthogonal to se(z) on y. Because 
of conditions (9), se(z) has the expansion 
(13) 
for large ]zI (of. $ 6). Using the Fabry gap theorem we conclude (since 
6{q,}= 0) that (13) represents a holomorphic extension of ge(z) throughout 
{Iz] > 1). Applying Cauchy’s theorem to each of the Jordan domains De 
which lie interior to y but exterior to y* (see fig. 2) we have 
By Theorem 2 we may approximate f(z) uniformly on y* by polynomials 
of the form Zb,x~, so that using (13) we easily obtain sY* f(x)g,(x)&=O. 
We remark finally that the measure ,u could be assumed to have the 
form G+(Z) = y( z )d z with v(z) satisfying (12), provided that f’ and f” 
(as well as f) have continuous extensions to B. To prove that (10) holds 
for a general Bore1 measure ,u on y which satisfies (9) (without placing 
such additional restrictions on f) requires a more sophisticated argument. 
§ 8. PROOF OF THEOREM 6 VIA THE LOCAL F. AND M. RIESZ THEOREM 
Our proof of Theorem 6 will make use of the following local version 
of a classical result due to F. and M. Riesz. 
TEEOREM C ([lo], p. 157-158). Let L be a rectifiable simple closed 
curve with interior domain D. Let P(z) be holomorphic on D and have 
nontangential boundary values a.e. on L which define an integrable 
function P(c), and suppose that F(z) is represented on D by the Cauchy 
integral 
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Suppose furthermore that P(C) is of bounded variation (relative to 
arc length) on a closed subarc I C L. Then 
(i) on each closed subarc of the open arc I”, P(c) is equal a.e. to an 
absolutely continuous function, 
and 
(ii) P’(z) has nontangential limits at almost all points [E 2 which are 
equal a.e. on 2 to (d/d[)F([) (derivative along 1). 
Reduction of the proof of Theorem 6. We need only show that (10) 
holds, where ,U is an arbitrary complex Bore1 measure on y whose moments 
(9) vanish, It is easily seen that we may assume PO= 0 and pr = 1, i.e. that 
(14) J d/a(z) = J 24$(z) = 0. 
Y Y 
Indeed, if f(z) is a uniform limit of polynomials P&Z) containing nonzero 
linear parts LX~ + &z, while f (0) = 0 and/or f’(0) = 0, then the coefficients 
&yk and pk will tend to zero. 
Having (14) and using Theorem C, it will be possible to sweep the 
measure p to a starlike curve y* CD of the form described in $ 7. More 
precisely, we will construct y* and a measure p* on y* such that 
(15) 
By Walsh’s theorem, there are polynomials in z which converge 
uniformly to f(z) on D, hence in particular on y u y*. Thus (15) will 
imply that 
(16) ,s f(4444 = j f(z)+*(+ 
On the other hand, conditions (9) and (15) show that j,* z%@*(z) = 0, 
n > 0, so by the lacunary Walsh result for starlike domains (Theorem 2) 
we have j,,* f(z)d,u*(z) = 0. But then from (16) we will obtain &, f(z)dp(z) = 0, 
as desired. 
Construction of the new measure ,u*. In connection with the deter- 
mination of an appropriate starlike curve y* (cf. 0 7), we introduce some 
additional notation. For each a> 1, we let I’, denote any of the closed 
subarcs of (121 = G> n B which have both terminal points on y, but which 
otherwise belong to D. Similarly, yc will denote any of the closed subarcs 
of y n (121 >a> whose terminal points lie on (lz[ = 01, but which otherwise 
lie in {lzl > c}. Each pair of corresponding arcs ya and r, bounds a Jordan 
domain D, (cf. fig. 2). As in 5 7, the curve y* is constructed out of finitely 
many starlike arcs of y and finitely many arcs I’, of a circle (1x1 =e}. 
We will see later how the number e> 1 must be selected. 
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The measure ,u* on y* for which (15) is to be verified will have the form 
(17) a/J*(z) = 
[g{(z) -ge(z)]dz on the arcs I’, C y*, 
ai on v9*, 
where gt and gc are the Cauchy transforms (11). As observed in 5 7, g,(z) 
has an extension which is holomorphic throughout {IzI> l> and hence 
also on each I’,. The number Q will be chosen below so that g{(z) is 
integrable over the arcs r,. The postulated equality of ,U and ,u* on 
y n y* means that (15) will be established if we show that 
(18) s zndi44 = s zrkd4 -ge(4ia2. 
U$ ur@ 
Let TO be any fixed point of y and define for c EY 
do= s 44, .qc) = s mw, rt,. t) 1t(y 0 
where both integrals are taken in the positive direction along y. Both 
functions are single-valued on y (by (14)), m(5) is of bounded variation 
on y and M(5) satisfies a Lipschitz condition on y. The Cauchy transforms 
W)= & s dmo, &)=&ySd~ y 5-z 
when restricted to D will be denoted by h&) and II&), and when restricted 
to E, by I&) and He(x). Clearly, h’(x) =g(z) and H’(z) =k(x) everywhere 
off y. The Fabry gap theorem guarantees that $ and He have holomorphic 
extensions (also called he and He) to {1x1> 1) just as ge. Moreover, since 
M(5) satisfies a Lipschitz condition on y, Hc and I&, have continuous 
extensions to B and z respectively, and the Plemelj formula 
(19) 
holds for all 5~7. 
For any of the Jordan domains Dr bounded by arcs rr and yr we have 
Using (19) and applying Theorem C, we conclude that Ht(Q is absolutely 
continuous on every closed subarc of +I, that Ht’(z)=h&) has non- 
tangential limits a.e. on yr, and that these limits coincide a.e. with 
(d/d[)H,(c) (derivative along y). For 5 E 91 we will use h‘(t) to designate 
both the boundary values of hi(z) as well as (d/dT)H&). 
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We now consider numbers c> 1 (but arbitrarily close to 1) so that 
the arc I’G={IzI = c} n .& meets yl nontangentially and is such that limits 
of h{(z) along r, exist. We thus have ht(Q integrable over bD,= Pa u p, 
and (with proper orientation) 
,I Pw3a = Peal aDa - n j Sn-lHr(t)dC= 0, n> 0. 
a a=, 
The vanishing of the moments of h&) on bD, implies that h&z) belongs 
to the Smirnov class B(Do) and that the Cauchy formula 
holds for all z E D, ([lo], p. 148-149). Differentiating the Plemelj formula 
(19) yields 
(20) m(5) =h(C) --he(T) a.e. on ~1. 
Since $5) is of bounded variation on y and he(z) is holomorphic on 
(IzI > 11, ht([) is of bounded variation on y,, C bD,. Applying Theorem C 
again and remembering that c could be arbitrarily close to 1, we conclude 
that ht(C) is equal a.e. on the closed subarcs of $1 to an absolutely 
continuous function (also denoted by h<(c)), and that hf’(z)=g&) has 
nontangential limits a.e. on yl which coincide a.e. with (&/dC)ht(C). For 
CE~& we may thus denote (d/dQht([) by gt(5‘). 
We finally choose Q> 1 (but close to 1) so that each arc r, which, 
in the construction of y*, is to replace a non-starlike part ye of a (non- 
starlike) subarc yr C y, satisfies the following conditions: I’, meets yl 
nontangentially and is such that gf(z) has finite limits along I’,, and hd(z) 
is continuous on I’, u yQ. From (20), m(c) is equal a.e. on the closed 
subarcs of $ to an absolutely continuous function, and differentiation 
of (20) yields 
440 = m’(0-K = [h’(5) - he’(C)ldC = [sr(O -g&WC, 
each term considered as a measure on (any closed subarc of) ;I. Thus 
(21) df P443 = 2 PIin -ge(me, n > 0. 
Yl2 
The proof of (18) will be complete once we show that the integral on 
the right side of (21) is equal to 
Since y4 u I’, = bD, we must show that the moments of gt -ge vanish 
on (the properly oriented) boundary BD,. This is clear for the holomorphic 
function gc, w hile for gt it follows from the vanishing of the moments 
of the (continuous) antiderivative hr on aDe. 
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As a final remark we observe that with a little more work it is possible 
to prove that ht(z) E El(D) rather than hi(z) E IP(D,) (with CT> 1) as was 
done above. 
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